Abstract. We show that a properly convex projective structure p on a closed oriented surface of negative Euler characteristic arises from a Weyl connection if and only if p is hyperbolic. We phrase the problem as a non-linear PDE for a Beltrami differential by using that p admits a compatible Weyl connection if and only if a certain holomorphic curve exists. Turning this non-linear PDE into a transport equation, we obtain our result by applying methods from geometric inverse problems. In particular, we use an extension of a remarkable L 2 -energy identity known as Pestov's identity to prove a vanishing theorem for the relevant transport equation.
Introduction
A projective structure on a smooth manifold M is an equivalence class p of torsion-free connections on its tangent bundle T M , where two such connections are declared to be projectively equivalent if they share the same unparametrised geodesics. The set of torsionfree connections on T M is an affine space modelled on the sections of S 2 (T * M )⊗ T M . By a classical result of Cartan, Eisenhart, Weyl (see [22] for a modern reference), two connections are projectively equivalent if and only if their difference is pure trace. In particular, it follows from the representation theory of GL(2, R) that a projective structure on a surface M is a section of a natural affine bundle of rank 4 whose associated vector bundle is canonically isomorphic to V = S 3 (T * M ) ⊗ Λ 2 (T M ). Choosing an orientation and Riemannian metric g on M , the bundle V decomposes into irreducible SO(2)-bundles V ≃ T * M ⊕ S 3 0 (T * M ), where the latter summand denotes the totally symmetric (0,3) tensors on M that are tracefree with respect to g, or equivalently, the cubic differentials with respect to the complex structure J induced by g and the orientation. In other words, fixing an orientation and Riemannian metric g on M , a projective structure p may be encoded in terms of a unique triple (g, A, θ), where A is a cubic differential -and θ a 1-form on M . A conformal change of the metric g → e 2u g corresponds to a change (g, A, θ) → (e 2u g, e 2u A, θ + du).
Consequently, the section Φ = A/dσ of K 2 ⊗K −1 does only depend on the complex structure J. Here dσ denotes the area form of g and K the canonical bundle of M . In addition, we obtain a connection D on the anti-canonical bundle K −1 inducing the complex structure by taking the Chern connection with respect to g and by subtracting twice the (1,0)-part of θ. Again, the connection D does only depend on J. Fixing a complex structure J on M thus encodes a given projective structure p in terms of a unique pair (D, Φ). There are two special cases of particular interest. Firstly, we can find a complex structure so that D is the Chern connection of a conformal metric. This amounts to finding a complex structure for which θ is exact. Secondly, we can find a complex structure J so that Φ vanishes identically. This turns out to be equivalent to p containing a Weyl connection for the conformal structure [g] determined by J, that is, a torsion-free connection on T M whose parallel transport maps are angle preserving with respect to [g] .
In [13] , it is shown that a two-dimensional projective structure p does locally always contain a Weyl connection and moreover, finding the Weyl connection turns out to be equivalent to finding a holomorphic curve into a certain complex surface Z fibering over M . Here we use this observation to rephrase the problem in terms of a non-linear PDE for a Beltrami differential. More precisely, we think of p as being given on a Riemann surface (M, J) in terms of (D, Φ). We show (cf. Proposition 4.4) that p contains a Weyl connection with respect to the complex structure defined by the Beltrami differential µ on (M, J) if and only if
Since every 2D projective structure locally contains a Weyl connection, the above PDE for the Beltrami differential µ can locally always be solved. Moreover, on the 2-sphere every solution µ lies in a complex 5-manifold of solutions, whereas on a closed surface of negative Euler characteristic the solution is unique, provided it exists, see [15] .
Here we address the problem of finding a projective structure p for which the above PDE has no global solution. Naturally, one might start by looking at projective structures p at "the other end", that is, those that arise from pairs (D, Φ) where D is the Chern connection of a conformal metric, or equivalently, those for which there exists a metric g so that p is encoded in terms of the triple (g, A, 0). This class of projective structures includes the socalled properly convex projective structures. A projective surface (M, p) is called properly convex if it arises as a quotient of a properly convex open set Ω ⊂ RP 2 by a free and cocompact action of a group Γ ⊂ SL(3, R) of projective transformations. In particular, using the Beltrami-Klein model of two-dimensional hyperbolic geometry, it follows that every closed hyperbolic Riemann surface is a properly convex projective surface. Motivated by Hitchin's generalisation of Teichmüller space [9] , Labourie [11] and Loftin [12] have shown independently that on a closed oriented surface M of negative Euler characteristic every properly convex projective structure arises from a unique pair (g, A, 0), where g and A are subject to the equations K g = −1 + 2|A| 2 g and ∂A = 0. Using quasilinear elliptic PDE techniques, C.P. Wang previously showed [23] (see also [6] ) that the metric g is uniquely determined in terms of ([g], A) by the equation for the Gauss curvature K g of g. Consequently, Labourie, Loftin conclude that on M the properly convex projective structures are in bijective correspondence with pairs ([g], A) consisting of a conformal structure and a cubic holomorphic differential.
Naturally one might speculate that (1.1) does not admit a global solution for a properly convex projective structure p unless A vanishes identically, in which case p is hyperbolic. Here we use techniques from geometric inverse problems to show that this is indeed the case. In particular, we make use of a remarkable L 2 -energy identity (known for geodesic flows as Pestov's identity) which is ubiquitous when solving uniqueness problems for X-ray transforms, including tensor tomography. To make the bridge between (1.1) and this circle of ideas, it is necessary to recast the non-linear PDE in dynamical terms as a transport problem. Given a projective structure p captured by the triple (g, A, θ) we associate a dynamical system on the unit tangent bundle π : SM → M of g as follows. We consider a vector field of the form F = X + (a − V θ)V , where X, V denote the geodesic -and vertical vector field of SM , a ∈ C ∞ (SM, R) represents the cubic differential A (essentially its imaginary part) and where we think of θ as a function on SM . The flow of the vector field F is a thermostat (cf. Section 3 below for more details) and it has the property that its orbits project to M as unparametrised geodesics of p. We show that (1.1) is equivalent to the transport equation (cf. Corollary 5.6)
on SM , where the real-valued function u encodes a conformal metric of the sought after complex structureĴ and β is a 1-form on M , again thought of as a function on SM . Explicitly
where p, q, r are given in terms of aĴ-conformal metricĝ and the complex structure J of (M, g) by
, and q(x, v) =ĝ(Jv, Jv).
The right hand side in (1.2) has degree 3 in the velocities and the dynamics of F is Anosov when p is a properly convex projective structure [18] , hence it is natural to think that techniques from tensor tomography might work. Regular tensor tomography involves the geodesic vector field X and the typical question at the level of the transport equation is the following: if Xu = f where f has degree m in the velocities, is it true that u has degree m−1 in the velocities? The case m = 2 is perhaps the most important and it is at the core of spectral rigidity of negatively curved manifolds and Anosov surfaces [4, 7, 20] . Thermostats introduce new challenges, however we are able to successfully use a general L 2 energy identity developed in [10] (following earlier results for geodesic flows in [21] ) together with ideas in [18] to show that if equation (1.2) holds then a = 0 and β is exact. The result we prove is actually rather general and it applies to a class of projective structures considerably larger than properly convex projective structures, see Theorem 6.1 and Corollary 6.4 below. For the case of surfaces with boundary a full solution to the tensor tomography problem was given in [19] ; the solution was inspired by the proof of the Kodaira vanishing theorem in Complex Geometry. In the present paper, we go in the opposite direction, we import ideas from geometric inverse problems, to solve an existence question for a non-linear PDE in Complex Geometry. These connections were not anticipated, and it is natural to wonder if they are manifestations of something deeper.
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Preliminaries
Here we collect some standard facts about Riemann surfaces and the unit tangent bundle that will be needed throughout the paper.
2.1. The frame bundle. Throughout the article M will denote a connected oriented smooth surface with empty boundary. Unless stated otherwise, all maps are assumed to be smooth, i.e., C ∞ . Let π : P → M denote the oriented frame bundle of M whose fibre at a point x ∈ M consists of the linear isomorphisms f : R 2 → T x M that are orientation preserving, where we equip R 2 with its standard orientation. The (real) Lie group GL + (2, R) acts transitively from the right on each fibre by the rule R h (f ) = f • h and this action turns π : P → M into a principal right GL + (2, R)-bundle. The bundle P is equipped with a tautological R 2 -valued 1-form ω = (ω i ) defined by ω f = f −1 • dπ f and which satisfies the equivariance property R * h ω = h −1 ω. The components of ω are a basis for the 1-forms on P that are semibasic for the projection π : P → M . Therefore, if g is a Riemannian metric on M , there exist unique real-valued functions g ij = g ji on P so that π * g = g ij ω i ⊗ ω j . The Levi-Civita connection g ∇ of g corresponds to the unique connection form ψ = (ψ i j ) ∈ Ω 1 (P, gl(2, R)) satisfying the structure equations
(2.1)
where K g denotes (the pullback to P of) the Gauss curvature of g. A conformal connection for [g] is principal CO(2) connection
The standard identification R 2 ≃ C gives an identification CO(2) ≃ GL(1, C) and consequently co(2) ≃ C. In particular, (2.2) takes the form dω = −κ ∧ ω where we think of κ and ω as being complex-valued. Writing re iφ for the elements of CO(2), the equivariance property for ω implies (R re iφ ) * ω = 1 r e −iφ ω. In particular, we see that the π-semibasic complex-valued 1-form ω is well-defined on M up to complex scale. It follows that there exists a unique complex-structure J on M whose (1,0)-forms are represented by smooth complex-valued functions u on P [g] satisfying the equivariance property (R re iφ ) * u = re iφ u, that is, so that uω is invariant under the CO(2)-right action. Of course, this is the standard complex structure on M obtained by rotation of a tangent vector v counter-clockwise by π/2 with respect to [g] . Denoting the canonical bundle of M with respect to J by K, it follows that the sections of L m,ℓ := K m ⊗ K ℓ are in one-to-one correspondence with the smooth complex-valued functions u on P [g] satisfying the equivariance property (R re iφ ) * u = r m+ℓ e i(m−ℓ)φ u. Infinitesimally, this translates to the existence of unique smooth complex-valued functions u ′ and u ′′ on P [g] so that
Recall, if α is a 1-form on M taking values in some complex vector bundle over M , the decomposition α = α ′ + α ′′ of α into its (1,0) part α ′ and (0,1) part α ′′ is given by
where we define ( , it follows from (2.1) that the pullback of the Levi-Civita connection ψ of g to P [g] is a conformal connection. The difference of any two principal CO(2)-connections is π-semibasic. Therefore, any other torsion-free principal CO(2)-connection κ on P [g] is of the form κ = ψ − 2θ 1 ω for a unique complex-valued function θ 1 on P [g] . Since κ is a connection, it satisfies the equivariance property (R re iφ ) * κ = 1 r e −iφ κre iφ = κ and so does ψ. Therefore, 2θ 1 ω is invariant under the CO(2)-right action as well and hence twice the pullback of a (1,0)-form on M which we denote by θ ′ . From (2.3) we see that we may think of κ as being the connection form of the induced connection on the anti-canonical bundle K −1 . In particular, ψ may be thought of as being the connection form of the Chern connection induced by g on K −1 . By the definition of the Chern connection, it induces the complex structure of K −1 . Since ψ and κ differ by a (1,0)-form, κ also induces the complex structure of K −1 . Consequently, the conformal connections on P [g] are in oneto-one correspondence with the connections D on K −1 inducing the complex structure, that is, D ′′ = ∂ K −1 .
The unit tangent bundle.
For what follows it will be necessary to further reduce P [g] . The unit tangent bundle
of g may be interpreted as the principal right SO(2) subbundle of P cut out by the equations g ij = δ ij . On SM the identities dg ij ≡ 0 imply the identities ψ 1 1 ≡ ψ 2 2 ≡ 0 and ψ 1 2 ≡ −ψ 2 1 , so that ψ is purely imaginary.
Abusing notation by henceforth writing ψ instead of ψ 2 1 , the structure equations thus take the form
where we write ω i = δ ij ω j . Note that on SM the 1-forms ω 1 , ω 2 take the explicit form
Furthermore, the 1-form ψ becomes
where ξ ∈ T (x,v) SM and γ : (−ε, ε) → SM is any curve with γ(0) = (x, v),γ(0) = ξ and γ ′′ denotes the covariant derivative of γ along π • γ.
The three 1-forms (ω 1 , ω 2 , ψ) trivialise the cotangent bundle of SM and we denote by (X, H, V ) the corresponding dual vector fields. The vector field X is the geodesic vector field of g, V is the infinitesimal generator of the SO(2)-action and H is the horizontal vector field satisfying H = [V, X]. The structure equations (2.4) imply the additional commutation relations
for complex-valued functions u, v on SM and we denote by L 2 (SM ) the corresponding space of square integrable complex-valued functions on SM . The structure equations (2.4) and Cartan's formula imply that all vector fields X, H, V preserve Θ. In particular, −iV is densely defined and self-adjoint with respect to ·, · . Consequently, we have an orthogonal direct sum decomposition into the kernels H m of the operators mId + iV
Weyl connections.
If θ is a 1-form on M , we may write π * θ = θω 1 + V (θ)ω 2 , where on the right hand side we think of θ as being a real-valued function on SM . Therefore,
On SM the connection form κ of a conformal connection thus becomes κ = iψ − 2θ 1 ω or in matrix notation (2.8)
Finally, without the identification R 2 ≃ C, we may equivalently think of the connection form κ as the connection form of a torsion-free connection D on T M . Writing κ as
the reader may easily check that κ is the connection form of
where the section Sym(θ) of 
Projective thermostats
In this section we show how to associate the triple (g, A, θ) to a given projective structure p. As mentioned in the introduction, the existence of such a triple is a consequence of some elementary facts about SO(2)-representation theory and a description of projective structures as sections of a certain affine bundle over M (see [14] for a construction of (g, A, θ) in that spirit), here instead we obtain the triple as a by-product of a characterisation of projective thermostats.
A (generalised) thermostat is a flow φ on SM which is generated by a vector field of the form F = X + λV , where λ is a smooth real-valued function on SM . In this article we are mainly interested in the case where the generalised thermostat is projective. By this we mean that there exists a torsion-free connection ∇ on T M having the property that for every φ-orbit γ : I → SM , there exists a reparametrisation ϕ :
Phrased more loosely, the orbit projections to M agree with the geodesics of a projective structure p on M . By a classical result of Cartan, Eisenhart, Weyl (see for instance [22, Chap. 6, Addendum 1, Prop. 17] for a modern reference), two torsion-free connections ∇ and ∇ ′ on T M are projectively equivalent if and only if there exists a 1-form α on M so that
3.1. A characterisation of projective thermostats. It turns out that projective thermostats admit a simple characterisation in terms of the vertical Fourier decomposition (2.7) of λ. Towards this end we first show:
Lemma 3.1. Let ∇ be a torsion-free connection on the tangent bundle T M and ϕ = (ϕ i j ) ∈ Ω 1 (SM, gl(2, R)) its connection form. Then, up to reparametrisation, the leaves of the foliation F defined by ϕ 2 1 = ω 2 = 0 project to M to become the geodesics of ∇. Conversely, every geodesic of ∇, parametrised with respect to g-arc length, lifts to become a leaf of F.
Proof. Recall that the set of torsion-free connections on T M is an affine space modelled on the sections of S 2 (T * M ) ⊗ T M . It follows that there exists a 1-formB on M with values in the endomorphisms of T M so that ∇ = g ∇ +B. As we have seen, the connection form of the Levi-Civita connection of g on T M is
Hence there exist unique real-valued function b i jk = b i kj on SM so that
Explicitly, b i jk (v) = g(B(e j )e k , e i ), where we write e 1 = v and e 2 = Jv for v ∈ SM . Let δ : I → SM be a leaf of F, so that δ * ω 2 = 0. Writing γ := π • δ and evaluating δ * ω 2 on the standard vector field ∂ t of R, we obtain
so that δ = fγ for some unique f ∈ C ∞ (I). Hence without loosing generality, we may assume that the leaves of F are of the formγ for some smooth curve γ : I → M having unit length velocity vector with respect to g. By construction of ψ, see (2.6), the pullback 1-formγ * ψ evaluated on ∂ t gives the function g( g ∇γγ, Jγ), henceγ * ϕ 2 1 = 0 if and only if
It follows that there exists a function f ∈ C ∞ (I) so that
By a standard lemma in projective differential geometry [22, Chap. 6, Addendum 1, Prop. 17] a smooth immersed curve γ : I → M can be reparametrised to become a geodesic of the torsion-free connection ∇ on T M if and only if there exists a smooth function f : I → R so that ∇γγ = fγ. The claim follows by applying this lemma.
Lemma 3.2. Suppose the thermostat F = X + λV is projective, then
Proof. Using notation as in the proof of Lemma 3.1, we must have F ϕ 2 1 = 0 and F ω 2 = 0. The latter conditions is trivially satisfied, but the former gives 
Proof. Let λ ∈ H −3 ⊕ H −1 ⊕ H 1 ⊕ H 3 so that we may write λ = λ −3 + λ −1 + λ 1 + λ 3 with λ m ∈ H m . Since λ is real-valued we have λ −1 = λ 1 and λ −3 = λ 3 . Hence setting ν 1 = λ −1 + λ 1 and ν 3 = λ −3 + λ 3 , we obtain V V ν 1 = −ν 1 and V V ν 3 = −9ν 3 so that
Conversely, suppose λ ∈ C ∞ (SM ) satisfies 0 = 
Using (2.8) and (3.1), we compute that the connection form of ∇ is
In particular, we have
The effect of a conformal change. Summarising the previous subsection, we have seen that if ∇ is a torsion-free connection on T M and we fix a Riemannian metric g on M , then we may write ∇ = g ∇ +B for some endomorphism-valued 1-formB on M . The thermostat on SM defined by λ = −b 2 11 has the property that its orbits project to M to become the geodesics of ∇ up to parametrisation. Moreover, we obtain a 1-form θ ∈ Ω 1 (M ) as well as a cubic differential A ∈ Γ(K 3 ), so that the connection ∇ shares its geodesics -up to parametrisation -with the projections to M of the orbits of the projective thermostat defined by λ = a − V θ, where a represents the imaginary part of A.
Next we compute how θ and A transform under conformal change of the metric. As a consequence, we obtain: 
this is equivalent to
where β = α + θ + du −θ. Evaluating this equation on the pair (v, Jv) with v a unit tangent vector with respect to g gives
Computing the inner product with the tangent vector v yields
Thought of as an identity for functions on SM , the left hand side lies in H −3 ⊕ H 3 whereas the right hand side lies in H −1 ⊕ H 1 and hence they can only be equal if both sides vanish identically. Consequently, it follows that β = 0 and that
Therefore, B =B and (3.5)θ = θ + du so that α = 0 as well as D =D.
In particular, we see that both D and B do only depend on the conformal equivalence class of g. We may define a section Φ of K 2 ⊗ K −1 by Φdσ = A, where dσ denotes the area form of g. Comparing with (3.2), we see that B is the real part of Φ.
Holomorphic curves
It is natural to ask whether for a given torsion-free connection ∇ on T M one can always (at least locally) choose a conformal structure [g] on M so that Φ vanishes identically. Equivalently, whether every torsion-free connection ∇ on T M is locally projectively equivalent to a Weyl connection D. This question was answered in the affirmative in [13] , where it is also observed that the problem is equivalent to finding a suitable holomorphic curve into a complex surface fibering over M . Here we will briefly review this observation and use it do derive a non-linear PDE for the Beltrami differential of the sought after conformal structure.
Remark 4.1. Given that one can locally always find a conformal structure so that Φ vanishes identically, one might wonder whether it is possible to simultaneously pick a conformal metric so that the 1-form θ is closed. Indeed, (3.4) and (3.5) imply that the additional closedness condition corresponds to ∇ being locally projectively equivalent to a Levi-Civita connection of some metric. However, this is not always possible, see [2] .
4.1.
A complex surface. Inspired by the twistorial construction of holomorphic projective structures by Hitchin [8] , it was shown in [5] and [17] and how to construct a twistor space for smooth projective structures. Let ∇ be a torsion-free connection on T M and ϕ = (ϕ i j ) ∈ Ω 1 (P, gl(2, R)) its connection form on the frame bundle P . We can use ϕ to construct a complex structure on the quotient P/CO (2) . By definition, an element of P/CO(2) gives a frame in some tangent space of M , well defined up to rotation and scaling. Therefore, the conformal structures on M are in one-to-one correspondence with the sections of the fibre bundle P/CO(2) → M whose fibre is GL + (2, R)/CO (2) , that is, the open disk. We will construct a complex structure on P/CO(2) in terms of its (1,0)-forms, or more precisely, the pullbacks of the (1,0)-forms to P . Recall that the Lie algebra co(2) of CO (2) Consequently, the complex-valued 1-forms on P that are semibasic for the quotient projection P → P/CO(2) are spanned by the form ω and
as well as their complex conjugates. Recall that we have (R re iφ ) * ω = 1 r e −iφ and using that ϕ satisfies the equivariance property R * h ϕ = h −1 ϕh for all h ∈ GL + (2, R), we compute (R re iφ ) * ζ = e −2iφ ζ. It follows that there exists a unique almost complex structure J on P/CO(2) whose (1,0)-forms pull back to P to become linear combinations of the forms ω, ζ. The almost complex structure J can be shown to only depend on the projective equivalence class of ∇ and moreover, an application of the Newlander-Nirenberg theorem shows that J is always integrable, see [13] for details.
Möbius action.
In our setting it is convenient to reduce the frame bundle P to the unit tangent bundle SM of some fixed metric g. In order to get a handle on the complex surface P/CO(2) after having carried out this reduction, we interpret the disk bundle P/CO(2) → M as an associated bundle to the frame bundle P . This requires an action of the structure group GL we obtain an induced action of GL + (2, R) on D making this transformation equivariant
The stabiliser subgroup of the point z = 0 consists of elements in GL + (2, R) satisfying a = d and b + c = 0, i.e., the linear conformal group CO(2). Consequently, we have (2) and we obtain a projection
In particular, a mapping z : N → D from a smooth manifold N into D is covered by a map
into GL + (2, R). Equivalently, we havez · 0 = z or z ·z = 0, where as usual we turn the left action into a right action by the definition z ·z :=z −1 · z.
Let ρ : Z → M denote the disk-bundle associated to the above GL + (2, R) action on D. Suppose z : P → D represents a section of Z → M so that z is a GL + (2, R)-equivariant map. For every coframe u ∈ P the pair (u, z(u)) ∈ P × D lies in the same GL + (2, R) orbit as
Therefore, the map z gives for every point p ∈ M a coframe u ·z(u) which is unique up to the action of CO (2) . It follows that the bundle Z → M is isomorphic to P/CO(2) → M , as desired. Let Υ : P × D → P be the map defined by (4.2). We will next compute the pullback of ω, ζ under Υ. Note that we may write Υ = R • (Id P ×z) where R : P × GL + (2, R) → P denotes the GL + (2, R) right action of P . Recall the standard identities
where h : P × GL + (2, R) → GL + (2, R) denotes the projection onto the latter factor. From this we compute
and (4.4)
We also obtain
2 ) , and using (4.4), a tedious but straightforward calculation gives
Remark 4.2. The complex-valued 1-form χ is chosen so that χ, χ, ω, ω, ζ, ζ span the complexvalued 1-forms on P . Clearly, this condition does not pin down χ uniquely. The particular choice is so that in the absence of θ the form χ becomes the connection form of the Chern connection on K −1 upon reducing to SM , see (4.6) below.
The complex structure on Z does only depend on the projective equvialence class of ∇. Thus, after possibly replacing ϕ with a projectively equivalent connection, we can assume that the torsion-free connection on T M corresponding to ϕ is of the form D + B for some 1-form θ and some cubic differential A on M . One the unit tangent bundle SM of g the connection form of D+B takes the form (3.3). Using this equation and reducing to SM ⊂ P yields the following identities on SM ζ = 2a −3 ω,
Recall, we write a 3 = 1 3 V a + ia and a −3 = a 3 as well as θ 1 = 1 2 (θ − iV θ) and θ −1 = θ 1 . Also, the connection form κ of the induced Weyl connection is κ = iψ − 2θ 1 ω, see (2.8). Therefore, we have χ = 2κ + κ. The SO(2)-action induced by (4.1) is cos φ − sin φ sin φ cos φ · z = 2iz cos φ − 2z sin φ 2i cos φ + 2 sin φ = e 2iφ z and hence the equivariance property of a function z : SM → D representing a section of Z → M becomes (R e iφ ) * z = e −2iφ z, that is, z represents a section of K −2 . Since we have a metric, we have an identification K −1 ≃ K and hence K −2 ≃ K −1 ⊗ K. In particular, we may write
For unique complex-valued functions z ′ and z ′′ on SM . Consequently, using (4.5), (4.6) and (4.7) we obtain
In order to connect the expressions for ω Υ and ζ Υ to the condition of z representing a conformal structure [ĝ] that defines a holomorphic curve into Z, we use the following elementary lemma:
Lemma 4.3. Let Z be a complex surface and ω, ζ ∈ Ω 1 (Z, C) a basis for the (1,0)-forms of Z. Suppose M ⊂ Z is a smooth surface on which ω ∧ ω is non-vanishing. Then M admits the structure of a holomorphic curve -that is, a complex 1-dimensional submanifold of Z -if and only if ω ∧ ζ vanishes identically on M .
Proof. Since ω ∧ ω is non-vanishing on M , the forms ω and ω span the complex-valued 1-forms on M . Since M is a complex submanifold of Z if and only if the pullback of a (1,0)-form on Z is a (1,0)-form on M , the claim follows.
The reduction of P to SM identifies Z with SM × SO(2) D. Now suppose the conformal
Recall that the complex structure on Z has the property that its (1,0)-forms pull-back to become linear combination of ω Υ and ζ Υ . Using the expressions (4.3) and (4.8) for the pullbacks of ω Υ and ζ Υ to SM we obtain
In particular, since v : U → SM is a π-section and ω and ω are π-semibasic, the pullback v * (ω Υ ∧ ζ Υ ) vanishes if and only if ω Υ ∧ ζ Υ vanishes on π −1 (U ). Thus, Lemma 4.3 implies that z represents a holomorphic curve if and only if
4.3. The Beltrami differential. So far we have not explicitly tied the conformal structure [ĝ] to the function z : SM → D representing it. In order to do this we first recall the Beltrami differential. The choice of a metricĝ on M allows to define the functions
on SM . The orientation compatible complex structureĴ on M induced by the conformal equivalence class ofĝ has matrix representation
In particular, we compute that the (1,0)-forms with respect toĴ pull-back to SM to become complex multiples of 
Remark 4.5. In the special case where p is a properly convex projective structure, an equation equivalent to (4.11) was previously obtained by N. Hitchin using the Higgs bundle description of p. 
The transport equation
While the PDE (4.11) for the Beltrami differential µ is natural from a complex geometry point of view, it turns out to be advantageous to rephrase it as a transport equation on SM . The relevant transport equation on SM can be derived using (4.11) -see Appendix A -but here we will instead take a different approach, as it leads to a more general result about thermostats having the same unparametrised geodesics, see Proposition 5.2.
Let g,ĝ be Riemannian metrics on M . In what follows all objects defined in terms of the metricĝ will be decorated with a hat symbol. There is an obvious scaling map
which is a fibre-bundle isomorphism covering the identity on M . As before we define
r(x, v) =ĝ(v, Jv), and q(x, v) =ĝ(Jv, Jv).
Lemma 5.1. The pullback of the volume formΘ on SM is
where we write
where we have used thatπ • ℓ = π. Likewise, we obtain
Sinceω 1 is semibasic for the projectionπ, the pullback ℓ * ω 1 is semibasic for the projection π, hence V ℓ * ω 1 = 0, so that we have
The pullback ℓ * ω 2 must be a multiple of ω 2 . Indeed, ℓ * ω 2 is π-semibasic and we obtain
Recall that the area form dσ ofĝ satisfiesπ * dσ =ω 1 ∧ω 2 , hence
Thus we must have
Since the Lie derivative of π * ĝ with respect to V vanishes identically, we compute that V √ p = r/ √ p. Moreover, since pq − r 2 is the π-pullback of a function on M , we obtain
Pulling back the structure equation dω 2 = −ψ ∧ω 1 whilst using (5.1) and (5.2) gives
for some unique real-valued functionâ on SM . Comparing the coefficients in the above equations, it follows that
for some unique real-valued functions a, b on SM . In particular, we obtain
as claimed.
We use this lemma to derive the following observation about general thermostats:
Proposition 5.2. If two thermostats determined by pairs (g, λ) and (ĝ,λ) have the same unparametrised geodesics, then
As an immediate application we obtain the following classical fact:
Corollary 5.3. Let g andĝ be two Riemannian metrics on M having the same unparametrised geodesics, then p/(pq − r 2 ) 2/3 is an integral for the geodesic flow of g.
Proof. This special case corresponds to λ =λ = 0 and hence Proposition 5.2 implies
In order to prove Proposition 5.2 we also recall a general lemma whose proof is elementary and thus omitted. 
Proof of Proposition 5.2. This follows from Lemma 5.1 and 5.4 and the key fact that if the thermostats have the same unparametrised geodesics then
To see the last equality, note that we can rephrase the hypothesis as follows. There is a smooth function τ : SM × R → R implementing the time change so that
Differentiating this with respect to t and setting t = 0 gives
To check that f has the desired form, apply dπ to the last
Writing s := (pq − r 2 )/p and taking the divergence of (5.4) with respect to ℓ * Θ = sΘ gives
where we have used Lemma 5.4. Since div Θ F = V λ and divΘF =Vλ this last equation is equivalent to
which proves the claim.
Remark 5.5. Note that the crucial identity (5.4) also follows from a different argument.
Since the orbits of F andF project onto the same unparametrised curves, there must exist a smooth function w on SM , so that ℓ * F = wF . From (5.1), (5.2) and (5.3), we compute that
from which one immediately obtains w = 1/ √ p.
A special case of Proposition 5.2 is the following:
Corollary 5.6. Suppose the projective thermostat associated to the pair (g, λ) = (g, a − V θ) has the same unparametrised geodesics as the Weyl connection D defined by (ĝ, α), then u = 3 2 log p (pq − r 2 ) 2/3 satisfies the transport equation
where
Proof. Applying Proposition 5.2 in the special case λ = a − V θ andλ = −V α gives
the left hand side of which is simply α, thought of as a function on SM . Hence we obtain
The tensor tomography result
In this final section we prove a vanishing theorem for the transport equation F u = V a+β, provided the triple (g, A, θ) defining F satisfies certain conditions. Recall that every properly convex projective structure p arises from a triple (g, A, 0) satisfying
2 g and ∂A = 0. In particular, we would like to conclude that if such a p contains a Weyl connection, then A must vanish identically and hence p is hyperbolic. It turns out that one can prove a more general vanishing theorem for a class of thermostats arising from a triple (g, A, θ) where A is a differential of degree m 3 on M , that is, a section of K m . Suppose A ∈ Γ(K m ). Like in the case m = 3 there exists a unique smooth real-valued function a on SM lying in H −m ⊕ H m , so that π * A = (V (a)/m + ia)ω m . In particular, to a triple (g, A, θ) we may associate the thermostat F = X + (a − V θ)V . We now have: 
0.
Let F denote the vector field of the thermostat determined by (g, A, θ). Suppose there is a 1-form β ∈ Ω 1 (M ) and a function u ∈ C ∞ (SM ) such that F u = V a + β.
Then A = 0 and β is exact.
Let us first verify that this gives the desired statement.
Corollary 6.2. Let (M, p) be a closed oriented properly convex projective surface with χ(M ) < 0 and with p containing a Weyl connection D. Then p is hyperbolic and moreover D is the Levi-Civita connection of the hyperbolic metric.
Proof. By a result of Calabi [3] , if m = 3 and (g, A) satisfy In order to show the theorem we use the following L 2 identity proved in [10, Equation (5)] which is in turn an extension of an identity in [21] for geodesic flows. The identity holds for arbitrary thermostats F = X + λV . If we let H c := H + cV where c : SM → R is any smooth function then (6.1) 2 H c u, V F u = F u 2 + H c u 2 − F c + c
where u is any smooth function. All norms and inner products are L 2 with respect to the volume form Θ. We also need the following lemma whose proof is a straightforward calculation (see [18, Lemma 4 .1] for a proof). Proof of Theorem 6.1. Without loss of generality we may assume that β has zero divergence. Indeed if not, a standard application of scalar elliptic PDE theory shows that we can always find a smooth function h on M such that β + dh has zero divergence. Now note that F (u + h) = V a + β + dh.
A calculation shows that if we pick c = θ + V (a)/m, then
Hence if we define u = 3 2 log h, then we obtain F u − V a = 3 Re a 3 µ 2 −2 − µ 2 a −3 − 2µ 2 θ −1 + η + µ −2 Note that the right hand side of the last equation lies in H −1 ⊕ H 1 , hence there exists a 1-form β on M so that F u = V a + β which is the transport equation 5.5.
